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2 CP -violation and pipi-interaction in the radiative decays of KL and KS.
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The phases of terms of KL,S → pi
+pi−γ decay amplitude that arise from the pipi interaction
are obtained by using a simple realistic model of pipi interaction via virtual ρ-meson, instead of
the ChPT. It is shown that the standard ChPT approach cannot reproduce the contribution
of the ρ-meson to the pipi interaction. The interference between the terms of amplitude with
different CP -parity appears only when the photon is polarized (linearly or circularly). Instead
of measuring the linear polarization, the angular correlation between the pi+pi− and e+e−
planes in KS,L → pi
+pi−e+e− decay can be studied.
1 Introduction
The theoretical and experimental study of the CP -violation in the radiative decays of the KL
and KS has a long history. In view of future precise measurements of these decays we have
recalculated the above effects. Generally the results that will be presented in this talk are in
agreement with the previous ones. A few discrepancies are caused by more realistic evaluation
of phases caused by the pipi-interaction in the KL and KS decays. More accurate calculation of
these phases is the prerequisite for extracting the precise values of the CP -violating parameters
in the K-meson decays.
The pattern of the CP-violation in the KL,S → pi+pi−γ decays was theoretically predicted in
the 1960s1,2,3,4. In the 1990s these decays were thoroughly studied using ChPT5,6. The KL →
pi+pi−γ decay attracted special attention, because the contributions of the KL decay amplitude
terms with opposite CP -parity are of comparable magnitude and this makes the CP -violation
to be distinctively seen experimentally 7, 8 with the result Br(CP = +1) = (1.49± 0.08)× 10−5 ,
Br(CP = −1) = (3.19 ± 0.16) × 10−5. Contrary to this in the case of the KS decay the
CP -violation is difficult to detect due to the fact that the internal bremsstrahlung contribution
shades the contribution of the direct emission 8.
In this talk I present the results of the calculations of the phases of the amplitude terms, con-
nected with the pipi-interaction, using instead of ChPT a simple realistic model of pipi-interaction
via virtual ρ-meson9. I compare my results on the photon energy dependence of the interference
between the internal bremsstrahlung and the electric direct emission in the KS decay
11 with
the results of Ref. 5 obtained in the framework of ChPT. It is proved that the ”interference
branching ratio” differs from the the one obtained in Ref. 5 (see Table 1) and that the standard
ChPT approach cannot reproduce the contribution of the ρ. In order to show that the inclusion
of the ρ into the analysis of the KS,L decays is important, I address the problem of P -wave
pipi scattering. I compare the experimental data with the results obtained in the framework of
different models: a) the standard ChPT, b) the ChPT with ρ and c) the simple realistic model.
According to the approach proposed in Ref. 10 for KL decay, I examine the KS → pi+pi−γ
decay probability with the polarized photon, taking into account various cases of the photon
polarization. It is known that an alternative to measuring the linear photon polarization, the
angular correlation of pi+pi− and e+e− planes in KS,L → pi+pi−e+e− decay can be studied. I
present the result of the calculations of the CP -violating asymmetry in the case of the KL
decay in order to compare our results with those of Ref. 15. I also present the result for the
CP -violating asymmetry in the case of the KS decay.
2 The amplitude structure
The amplitudes of KS,L(r)→ pi+(p)pi−(q)γ(k, e) decays are made up of two terms: the internal
bremsstrahlung (B) and direct emission (D). In its turn, D is a sum of an electric term(ED)
and a magnetic term(MD). In accordance with the above, the amplitudes of the KS,L decays
can be written as follows
A(KS → pi+pi−γ) = eAeiδ00TB + e(aeδ11 + beδb)TE + ieη+−ceδ11TM , (1)
A(KL → pi+pi−γ) = η+−eAeiδ00TB + eη+−(aeδ11 + beδb)TE + i eceδ11TM , (2)
where TB =
pe
pk
− qe
qk
, TE = (pe)(qk) − (qe)(pk), TM = εµνρσpµqνkρeσ; δ00 and δ11 are the S-
wave and P -wave pion scattering phases respectively and η+− is the well known CP-violation
parameter in the KL → pi+pi− decay. The factor A ≡ A(K → pi+pi−) is determined by the Low
theorem for bremsstrahlung 16. As follows from Eqs. (1, 2) ED consists of two terms. The first
term (aeδ
1
1 ) describes the loops of heavy particles. The second term (beδb) describes the loops
of pions. Such subdivision is convenient because the pion loops contribution has an absorptive
part and hence a phase, contrary to the contribution of the heavy particle loops.
The phases of the pion loops and bremsstrahlung contributions in equations (1), (2) are
defined by the strong interaction of pions via virtual ρ-meson:
L = − g√
2
εijk(φ
i∂µφ
j − ∂µφiφj)Bkµ, (3)
where i, j, k are isotopic indices, φ is the pion field, Bkµ – ρ-meson field.
In the case of internal bremsstrahlung contribution to the KS,L decay probability the inter-
action of pions can be described by the diagrams shown in Fig. 1a. Though pions are in P -wave
in the final state this group of diagrams results in the δ00 phase of the amplitude. It is due to
the fact that the interaction of pions occurs not in the final state, but in the intermediate one.
The emission of the photon from the loops of pions is governed by another group of diagrams
shown in Fig. 1b. Each of these diagrams is divergent but their sum is finite. The matrix element
arising from the diagrams, shown in Fig. 1b, takes the form:
EloopD =
eg2A
pi2
F (s)D(s)
TE
rk
= ebTE , (4)
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Figure 1: a) The interaction of pions in the case of the internal bremsstrahlung. b) The emission of the photon
from the loops of virtual particles (D).
with
F (s) =
1
2
+
s
2rk
[βK(β)− β0K(β0)]− m
2
pi
rk
(
K2(β)−K2(β0)
)
+
ipi
2rk
(
s
2
(β − β0)− 2m2pi (K(β)−K(β0))
)
, (5)
where s = (r − k)2, β = √1− 4m2pi/s, β0 = √1− 4m2pi/m2K , K(β) = Arth ( 1β
)
, D(s) is the ρ
propagator, g is the interaction constant of ρpipi.
Note that since F (s) is complex, the phase of the loop contribution is not equal to the pion
P -wave scattering phase. Heavy particles in the loop can also contribute to the electric direct
emission amplitude, though they do not produce any additional phase. The possible intermediate
states are piK, Kη and KK. However, the KK loop vanishes in the limit mK0 = mK+. The
contribution of these loops is calculated using the assumption that the pseudoscalar mesons (pi,
K, η) couple to ρ with equal strength, i. e. gρKpi = gρKη = gρKK = g.
3 Comparison with ChPT
The electric direct emission manifests itself in the decay probability mainly through the in-
terference with the internal bremsstrahlung. Let us compare the results on the ”interference
branching ratio” in the KS decay obtained in Ref.
5 with the results obtained in the framework
of the simple realistic model 11. In the framework of the ChPT the electric direct emission is a
sum of the loop and counterterm contributions.
Table 1
cut in ω ω > 20 Mev ω > 50 Mev ω > 100 Mev
106 Interf 11 -6.3 -4.8 -1.7
106Interf(kf = 0)
5 -6.2 -5.0 -2.0
106Interf(kf = 0.5)
5 -10.5 -8.3 -3.3
106Interf(kf = 1.0)
5 -14.8 -11.7 -4.7
106Interf(kf = −0.5) 5 -1.9 -1.6 -0.6
106Interf(kf = −1.0) 5 +2.4 +1.8 +0.7
In Table 1 I present interference contributions to the branching ratio of the KS → pi+pi−γ
decay, for different values of the ω cut, along with the results of Ref. 5. In the case of kf = 0
the ”interference branching ratio” obtained here and the one obtained in the framework of the
ChPT are in agreement for the photon energy cut ω > 20 MeV. However, for the photon energy
cuts ω > 50 MeV and ω > 100 MeV the discrepancy appears. It is due to the fact that the
photon spectra of these results differ. It can be clearly seen from Fig. 2a, where my result (solid
curve) along with the results of Ref. 5 (dashed curves, kf = −0.5, 0, + 0.5) for the photon
spectra of the interference contribution are shown.
If the counterterm contributions are switched on, then the arising discrepancy is rather
large for given in Ref. 5 values of the counterterm contributions. It should be stressed that the
counterterm contributions don’t depend on the photon energy and exhibit the behavior different
from our results (Fig. 2a). The discrepancy mentioned above is due to the fact that in Ref. 5
the ρ contribution shows up only in low-energy constants, while the resonance contribution was
not considered. The phase of the electric direct emission amplitude was taken to be δ11(mK),
the phase of P -wave pipi scattering at fixed energy
√
s = mK . Instead I used the simple realistic
model of pipi scattering via ρ-meson taking into account the energy dependence of the δ11(s)
phase. As it can be seen from Fig. 2a the standard ChPT approach even with higher order
counterterms taken into account cannot reproduce the contribution of the ρ-meson.
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Figure 2: a) The photon energy dependence of the interference contribution. The result of the present paper
is represented by solid curve. The results of ChPT – by dashed curves. The upper dashed curve corresponds to
kf = −0.5. The lower dashed curve – to kf = 0.5. The dashed curve in between – to kf = 0. b) The energy
dependence of the pipi scattering phase δ11(s) in the P -wave, in degrees. The experimental data are represented by
stars. The ChPT without ρ contribution – by diamonds. The ChPT with the ρ contribution taken into account
– by filled triangles. The ChPT with ρ in two-loop approximation – by empty triangles. My results – by boxes.
Actually, in the case of pipi scattering in the framework of the ChPT the ρ-meson showed
up in two ways: as low-energy constants and as a direct resonance. However, in papers on
the K → pipiγ decays only low-energy constants are accounted for. Such approach doesn’t take
into account the energy dependence of the δ11(s) phase, i. e. the behavior of the ρ propagator,
because the contribution of low-energy constants doesn’t depend on the photon energy. Thus,
some dynamical features are missing in the ChPT approach for the K → pipiγ decays.
In order to show that the inclusion of the ρ into the analysis of the electric direct emission in
the K → pipiγ decays is important, I address the the problem P -wave of pipi scattering. In Fig.
2b I present the behaviour of the P -wave pipi-scattering phase δ11 calculated in the framework of
different models: a) the standard ChPT 17, b) the ChPT with ρ 18 and c) the simple realistic
model. As it is seen from Fig. 2b the result of the standard ChPT is in strict disagreement with
the experimental data. It is due to the fact that the ρ contribution was not taken into account.
The simple realistic model and the ChPT with ρ are in accordance with the experimental data.
Thus, the inclusion of the ρ in the analysis of the K → pipiγ decays is important.
4 Analysis in terms of Stokes parameters
It is worth mentioning that there is no interference between the amplitude terms with opposite
CP -parity, if photon polarization is not observed. However, the interference is nonzero when
the polarization is measured. Therefore, any CP -violation involving interference of electric and
magnetic amplitudes is encoded in the polarization state of the photon.
In order to study this interference we write the KL,S decay amplitude more generally as
A(KS,L → pi+pi−γ) = ETE +MTM , (6)
where for the KS decay E and M have the form E = eb + eAe
iδ0
0/(pk qk) and M = ieη+−c,
and in the case of the KL decay we have E = η+−
[
eb+ eAeiδ
0
0/(pk qk)
]
and M = iec.
The photon polarization can be defined in the terms of the density matrix
ρ =
(
|E|2 E∗M
EM∗ |M |2
)
=
1
2
(|E|2 + |M |2) [1 + Sτ ] , (7)
where τ = (τ1, τ2, τ3) are Pauli matrices, S is the Stokes vector of the photon with components
S1 =
2Re(E∗M)
(|E|2 + |M2|) , S2 =
2Im(E∗M)
(|E|2 + |M2|) , S3 =
(|E|2 − |M |2)
(|E|2 + |M2|) . (8)
In order to obtain a quantitative estimate of the CP -violation effects the photon energy depen-
dence of the Stokes vector components can be studied. In Fig. 3a and 3b the photon energy
dependence of the S1 (coefficient of an interference term in case of linear polarization) and S2
(net circular polarization) in the KL,S decay respectively are shown. In figure 3c I present the
S3 photon energy dependence in KL,S decays to obtain the estimate of the relative strength
of the CP -violation effects in the decays under consideration. The obtained results on the KL
decay coincide with the results of Ref. 10. Taking into account the physical meaning of the S3
I conclude that the CP -violation effects in KS decay are substantially smaller. The reason is
that the bremsstrahlung contribution shades the magnetic direct emission contribution even for
the high photon energies.
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Figure 3: a) Stokes parameters S1 (upper curve) and S2 (lower curve) for the KL decay. b) Stokes parameters
S1 (upper curve) and S2 (lower curve) for the KS decay. c) Stokes parameter S3 for the KS decay (straight line
S3 = 1) and for the KL decay (lower curve).
It was suggested in Refs. 12,13 to use in place of e (eµ = (0, e)), orthogonal to k (kµ = (ω,k)),
the vector nl normal to the e
+e− plane in the decay KL → pi+pi−e+e−. This can be achieved by
replacing eµ in the radiative amplitude (1, 2) by e/k
2u(k−)γµv(k+). This motivates the study
of the distribution dΓ/dφ in the decays KS,L → pi+pi−e+e−, where φ is an angle between pi+pi−
and e+e− planes.
The resulting CP -violating asymmetry in the KL decay is |ALpipi, ee| = (13.4 ± 0.9)%. It
coincides within the accuracy of the calculation with the theoretical prediction |ALpipi, ee| = 14%,
obtained in Refs. 10, 12, 13, 15 and the experimental result (13.6 ± 2.5± 1.5)% 14.
The CP -violating asymmetry in the KS decay is |ASpipi, ee| = (5.1 ± 0.4) × 10−5. This value
of the asymmetry could be expected qualitatively from the analysis of the KS → pi+pi−γ decay
amplitude, where the CP -violating magnetic direct emission contribution is substantially small
compared to the CP -conserving part of the amplitude.
5 Conclusions
In the case of the radiative K-meson decays the phases of amplitude terms using a simple realistic
model of pion-pion interaction 9 were calculated. Also the pion loop contribution (EloopD ) to the
electric direct emission amplitude was calculated.
I compared my results on the interference contribution to theKS → pi+pi−γ decay probability
with those of Ref. 5 and found that the ”interference branching ratio” differs from the the one
obtained in Ref. 5 (see Table 1). This discrepancy arises from different models of pipi interaction
and the fact that I took into account the energy dependence of the phases, while in the standard
ChPT approach the phases were taken at the fixed energy
√
s = mK . Thus it is clear that the
standard ChPT approach for the K → pipiγ decays even with higher order counterterms taken
into account cannot reproduce the contribution of the ρ meson.
In order to show that the inclusion of the ρ meson into the analysis of the electric direct
emission in the K → pipiγ decays is important, I addressed the problem of the pipi scattering
in P -wave. I compared with the experimental data the predictions for the phase of the pipi
scattering in the P -wave obtained in the framework of different models. As seen from Fig. 2b
the simple realistic model and the ChPT with ρ are in accordance with the experimental data.
The ChPT without ρ shows strong disagreement with data. Thus the inclusion of the ρ meson,
done in the framework of the simple realistic model, in the K → pipiγ decays is important.
Regarding the dependence of the KS decay probability on photon polarization I found that
the effects of CP -violation are small compared to that of the KL decay, which could be qual-
itatively expected from the analysis of the KS decay. The reason is that the bremsstrahlung
contribution shades the magnetic direct emission contribution even for the high photon energies.
I also studied the KS,L → pi+pi−e+e− decays. The central values of the asymmetries pre-
sented in this talk, obtained in Refs. 10, 12, 13, 15 and measured experimentally 14 coincide within
the accuracy of the calculation. I found that the CP -violating asymmetry in the case of the KS
decay is substantially smaller than in the KL case, as it could be expected from the analysis of
the KS → pi+pi−γ decay.
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